The problem of fully coupled thermoelasticity in a composite half-space is considered where the composite has variations in its physical properties in one direction only. The resulting one dimensional problem thus depends on the so called microscale of the composite. Homogenization of the fully coupled theory provides the leading order system of coupled equations (independent of the microscale) together with the effective physical properties of the thermoelastic medium. In particular the effective coupling parameter δ * is found and it is shown to exhibit rather interesting properties; for a range of volume fractions in two-phase composites it is shown that δ * lies below the corresponding coupling parameter for a homogeneous material made up of either phase.
Introduction
The fully coupled theory of linear thermoelasticity incorporates the effect of strain on temperature and vice versa. We can often make simplifications to this theory which lead to a partial decoupling of the system but there are situations when it is necessary to retain the fully coupled theory of thermoelasticity, the details of which may be found in Boley and Weiner [5] .
In this article we are interested in solving transient boundary value problems which require the use of the fully coupled theory in media which are inhomogeneous. By this we mean that their material properties vary from point to point on a lengthscale l and for composites this is usually much smaller than the characteristic lengthscale L of the body itself and of the lengthscale of variation η in field variables such as displacement and temperature. This is termed a separation of scales within the medium (l η and l L). We consider the one dimensional version of the theory, for an inhomogeneous medium which is restricted to move only in the x direction and which is uniform in directions perpendicular to the x axis, an example of which is depicted in figure 1 . The body has periodic microstructure (with period l) along the x axis, so that it can be characterized by a periodic cell (see figure 2 for an example). On scaling the lengthscales within the body with respect to η, we can appeal to the separation of scales within the medium to define the small parameter = l/η and the homogenization of the composite then corresponds to the limit → 0. Since we are interested in a subset of problems for a thermoelastic, composite half-space in x ≥ 0, we consider the limit L/η, H/η → ∞, with reference to figure 1. Clearly a half-space does not exist in practice and we really mean that L/η and H/η are large enough so that "end effects" can be neglected and this will be reasonable for small enough times, the regime in which we are interested here.
In this context, the modified heat equation is given by ∂ ∂x k x ∂Θ ∂x (x, t) − ρ x c v x ∂Θ ∂t (x, t)
= 3λ x + 2µ x α x Θ 0 ∂ 2 u ∂x∂t (x, t). (1.1)
The subscript denotes that the fields vary on the lengthscale and we note that the material properties are functions of the microscale x/ . The temperature and x component of displacement in the medium are denoted by Θ and u respectively, whilst k, c v and α are the thermal conductivity, specific heat (at constant volume), and thermal expansion coefficients. The elastic moduli of the medium are denoted by λ and µ, and ρ denotes its mass density. Finally Θ 0 is the temperature at which the medium is stress free and we assume that this parameter is independent of x. We see in (1.1) that rates of change of the dilatation in time cause variations in temperature and thus mechanical energy is converted into heat. Care must be taken with differentiation in (1.1) if, as is the case in figure 1 , the material property k(x/ ) is piecewise constant. Homogenization results in the integration of such discontinuous quantities however and therefore we do not encounter any problems. The thermal stress σ in the medium, allowing for thermal expansion, is given by σ (x, t) = λ x + 2µ x e (x, t)
− 3λ x + 2µ x α x (Θ (x, t) − Θ 0 ) (1.2) where the linear strain tensor e (x, t) is defined as e (x, t) = ∂u ∂x .
(1.
3)
The equation of motion of the one dimensional, inhomogeneous medium is therefore given by
Equations (1.1) and (1.4) constitute the coupled system in which we are interested. For a homogeneous material, we can neglect the coupling in the modified heat equation provided that (in one dimension) [5] ∂e ∂t α ∂Θ ∂t
is the thermoelastic coupling parameter, indicating the strength of the coupling due to the dilatation term in the modified heat equation (1.1). Since δ 1 in most metals, with reference to (1.5) we may neglect the coupling provided that strain rates and temperature rates are of the same order.
The homogeneous thermoelastic half-space problem was first considered by Danilovskaya [8] who considered the problem when the surface of the half-space is suddenly heated. Boley and Tolins [4] discussed the problem further by analysing the mathematically convenient strain boundary condition and Achenbach [1] described a way to incorporate the coupling approximately by replacing the dilatation term in equation (1.1) with a delta function.
More recently, the problem of an inhomogeneous, periodic, layered medium constituting a thermoelastic half-space has been considered by Bacynski [2] who used a so called "refined averaged model" in order to homogenize the material, find its effective properties and solve transient boundary value problems. It is not clear to the present author how this method is an improvement of the more conventional homogenization procedure used here and outlined by Bakhvalov and Panasenko [3] for example. In particular the fact that the microscale dependence appears to be guessed in [2] is a little disturbing, particularly since effective properties are then stated as functions of this microshape function. Furthermore the work of Bacynski [2] neglects the coupling referred to above in the heat equation even though the class of problems considered certainly require the use of the fully coupled theory. It appears that no homogenized coupling condition analogous to (1.5) (and hence no effective coupling parameter δ * ) has yet been defined in the literature for effective media and this issue will be addressed in this article. Boundary conditions imposed on the surface of the half-space at x = 0 will lead to strain and temperature rates which do not satisfy such an effective coupling condition and thus will require the fully coupled theory.
The effective properties of layered elastic media are well understood, see for example [17] , [14] and references therein. Thermoelastic composites were apparently first studied by Kerner [10] and Budiansky [7] who were concerned with matrix/inclusion composites. Laws [11] discussed the thermostatic case and Francfort [9] provided a rigorous analysis of the homogenization of thermoelastic media which although fairly complete does not provide any results regarding the effective coupling parameter. Most other work ignores coupling completely. Furthermore, it does not appear that any transient, coupled thermoelastic composite problems have been studied until now.
The purpose of the present article is therefore firstly to carry out the homogenization of the fully coupled thermoelastic problem systematically via the method of asymptotic homogenization in order to obtain the homogenized system ( → 0) and identify effective coefficients. Secondly we shall solve a class of transient boundary value problems for the homogenized half space which requires fully coupled thermoelasticity. We compare the results with the classical homogeneous problem solved by Boley and Tolins [4] .
The homogenization step leads to some interesting findings regarding the effective coupling parameter of the homogenized medium. In particular it is shown that for a two-phase composite the coupling parameter is not bounded below by the coupling parameters corresponding to the two homogeneous phases which make up the composite.
For the transient problems considered, the boundary conditions imposed on x = 0 lead to slowly varying field variables except at a single point where in some cases they are discontinuous. Since the microscale l of the composite material will always remain finite (but small) in practice, the validity of the homogenization theory could therefore be called into question. Indeed homogenization theory is not strictly valid in such a case precisely for this reason. We reconcile this difficulty as follows. As discussed, homogenization is valid for dynamic problems provided the separation of scales inequalities hold:
A discontinuous solution would not satisfy the first of these inequalities since η = 0. Consider then a smoothed out discontinuity over a finite lengthscale η l. We are interested in the homogenized limit when = l/η → 0. Therefore the discontinuous solution can be thought of as the limiting solution when η → 0 in the smoothed out solution and l → 0 such that we retain l η. This is easily achieved by choosing say l = O(∆ 2 ) and η = O(∆) where ∆ → 0 and thus = l/η = O(∆). Such a smoothed out solution will still require coupling effects to be taken into account since the variation of the propagating field in the vicinity of the propagating front is rapid with respect to the lengthscale of the body. The limiting process ensures however that it is slowly varying with respect to the microscale.
The "step" boundary value problems considered in section 5 (leading to the propagation of a thermoelastic discontinuity) are considered for simplicity and the homogenized solutions should be considered as the limit of the limiting process above as ∆ → 0 which is the strict homogenization regime. They provide us with qualitative information about the behaviour of solutions for finite l and slightly smoother boundary conditions where coupling effects are still important. The homogenization scheme developed shortly is therefore valid for all classes of such materials, provided that the propagating fields have variations in lengthscale satisfying (1.7).
When the first of the inequalities (1.7) is not satisfied, more complicated physics ensues in the composite. This cannot be described by a set of homogenized equations. For periodic media, stop and pass bands arise and it can be particularly useful to exploit this phenomenon [16] . For slightly non-periodic media, the important issue is that of Anderson localization [6] .
The article will proceed as follows: In section 2 we shall apply the method of asymptotic homogenization in order to obtain the homogenized governing equations, valid in the limit as → 0 and we shall define the effective properties. We consider the nondimensionalization of this system in section 3 and thus define the effective coupling parameter. Effective properties are studied in more detail in section 4. The necessary boundary conditions are then introduced. In order to compare results with those obtained for the homogeneous half-space considered by Boley and Tolins [4] we consider the mathematically convenient problem of specifying strain and temperature boundary conditions.
We outline the solution method for the homogenized system in section 5. Given initial conditions of zero temperature, displacement and rate of displacement in x > 0 we solve two problems in the transformed domain. The full solution in the physical domain is determined in section 6, where we analyse the magnitude of the resulting discontinuities in the field variables and their derivatives.
In section 7 we analyse the more physically meaningful situation of imposing stress and temperature boundary conditions (Danilovskaya's problem) and show that by linearity these may be obtained by adding solutions determined in section 6. We close in section 8, summarising our findings and indicating areas for further study.
Homogenization
We shall introduce the relative temperature T in the governing equations (1.1) and (1.4), defined by
and these fluctuations must be small compared with Θ 0 since we are in the linear regime. The initial conditions of the problem are
We will consider boundary conditions once we have homogenized the governing equations and nondimensionalized the resulting system. We apply the method of asymptotic homogenization [3] , [12] , [13] which requires the introduction of the independent variables
so that from (1.1) and (1.4) we see that the material properties are 1-periodic functions of ξ. Note that we are not restricting attention here to the laminated composite depicted in figure 1. The derivative with respect to x becomes
Thus, on expanding the displacement and temperature in asymptotic expansions of the form
the governing equations (1.1) and (1.4) become
and the initial conditions are
The periodicity of the microstructure implies that
for j = 0, 1, 2, .... We define the operation of averaging a function f (z, ξ, t) over the periodic cell as:
On equating orders at O( −2 ) we deduce that O(1) functions are independent of the microscale ξ:
From equation (2.16) and on using the first of (2.13) with j = 1, we obtain
where
and where c 1 is a constant to be determined from the forthcoming boundary conditions. From (2.17) we obtain
23)
and c 2 and c 3 are constants to be determined from boundary conditions. In order to find the effective coefficients of the homogenized system and the leading order (homogenized) solutions, it is not necessary to determine the constants c 1 , c 2 and c 3 . These constants are calculated by imposing higher order boundary conditions on x = 0 and therefore appear in the first order correction to the homogenized solution. This first order term therefore provides an estimate of the error we are making when assuming a homogenized composite. Very little work of this nature regarding the connection between this error and boundary conditions exists but see [15] for further discussion. Work is underway to see what implications this has for the type of half-space problems considered here both in an elastic and thermoelastic context.
On averaging the O(1) terms of (2.8) over a periodic cell we find that
The quantity β(ξ) is a measure of material differences and is zero for a homogeneous material. Thus we may write (2.25) as
It is interesting to note that S * , which may be interpreted as the effective heat capacity (per unit volume) of the inhomogeneous medium, is not simply the average of ρ(ξ)c v (ξ). We may interpret D * and k * as the effective thermal diffusivity and conductivity of the medium respectively. The behaviour of these effective properties will be considered in section 4. Similarly, averaging the O(1) terms of equation (2.9) over a periodic cell and simplifying, we obtain the homogenized equation of motion
is the usual form for the effective static mass density [3] . Finally, the initial conditions at O(1) are
We shall now nondimensionalize the governing homogenized equations and introduce the boundary conditions on the surface of the half space.
Scaling, Boundary Conditions and the Effective Coupling Parameter
We are interested in solving the homogenized system comprising equations (2.28) and (2.32) subject to the initial conditions (2.34)-(2.36) and boundary conditions which will be specified shortly.
In order to nondimensionalize we choose the following scalings:
where we have defined
which as we shall see is the square of the velocity of propagating discontinuities in the homogenized medium. Introducing these scalings into (2.28) and (2.32), and dropping hats on the nondimensionalized variables, the system becomes
where we have defined the effective coupling parameter
This parameter reduces to the usual form for homogeneous media (cf. Boley and Tolins' [4] , equation (28)) and exhibits some very interesting behaviour for inhomogeneous media as is discussed in section 4. We can now state the analogous (nondimensionalized) condition for inhomogeneous media to (1.5).
The dilatational coupling in the effective, modified heat equation (3.5) may be neglected if
As in the case of homogeneous media, the effective coupling constant will also usually satisfy δ * 1, but as indicated earlier, the coupling can only be neglected if
in the homogenized medium. Notice furthermore that this condition is different from that of homogeneous media since in a homogeneous medium, ∂u 0 /∂z is the strain whereas in our homogenized medium this is not the case as we discuss in section 3.1 shortly. On nondimensionalization, the initial conditions (2.34)-(2.36) do not change form since they are homogeneous. In order to compare results with those obtained for the homogeneous medium by Boley and Tolins [4] we shall consider boundary conditions which impose strain and temperature on z = 0. In section 7 we shall consider what these mean in terms of the more physically meaningful traction and temperature boundary conditions and thus we note that the leading order nondimensional stress is given by
Strain and Temperature Flux
It is important to note that although the displacement and temperature are homogenized and thus depend only on z, the strain and temperature flux will depend on the microscale variable ξ. The leading order nondimensional strain is given by
having used (2.20). Furthermore on using (2.18), the leading order temperature flux is given by
(3.14)
Boundary Conditions
We pose the following (nondimensionalized) strain and temperature boundary conditions:
where f (t) and g(t) are O(1) functions. The strain boundary condition at O( −1 ) is automatically satisfied since u 0 = u 0 (z, t). At O(1) the boundary conditions become
17)
T 0 (z = 0, t) = g(t) (3.18) and on using (3.13) these conditions are
and h is the homogeneity parameter. Note that for a homogeneous material having material moduli λ(0), µ(0), etc. we find that
as should be the case. We will shortly provide a summary of the O(1) problem which we shall solve, but first let us consider the effective thermoelastic properties obtained above.
Effective Thermoelastic Properties
Many of the effective properies such as the effective density, conductivity, etc. are already relatively well understood and thus here we focus on effective coefficients possessing interesting and novel properties. Consider a composite consisting of laminated plates (as depicted in figure 1 ) with two materials (Lockalloy and Epoxy) in the periodic cell, having the properties given in table 1, taken from Baczynski [2] . Coupling parameter 0.00687223 0.0113197 Table 1 : Material properties of the phases comprising the composite at the reference temperature Θ 0 = 300 o K. Note the coupling parameter associated with each phase. 
Effective Coupling Parameter
The crucial parameter regarding the thermoelastic coupling is the effective coupling parameter δ * defined in (3.8). We plot this against volume fraction of the Lockalloy phase in figure 3 . Note in particular the non-monotonicity and the fact that in certain volume fraction ranges the coupling constant decreases below that which would occur in a homogeneous material of either the Lockalloy or Epoxy phases. This behaviour is certainly not what one may expect and indeed it could even be exploited in order to minimize the amount of thermal coupling in the material. It is seen here that δ * is at its minimum (δ * ≈ 0.0039) at φ ≈ 0.87. In all cases of two phase materials considered by the author it appears that max{δ(ξ)} provides an upper bound on δ * but as is exhibited by the case above min{δ(ξ)} does not provide a lower bound. We have not yet been able to prove this rigorously and work is underway to establish such a result. Note that what leads to this result is the fact that the harmonic average of λ(ξ) + 2µ(ξ) arises in the expression for δ * rather than a simple volume average. In order to establish what effect this has, let us pose the following expression for δ * = δ 
which involves the volume average of λ(ξ) + 2µ(ξ). Plotting this in figure 4 for the Lockalloy/Epoxy composite, we see that it exhibits completely different behaviour to the correctly defined δ * given by (3.8) and plotted in figure 3 . In particular in this case the amount of coupling is increased for a wide range of volume fractions. We often encounter the harmonic average in effective media theories [3] and this provides yet another example of how important it is to carry out the homogenization properly, as above, rather than with some ad hoc volume averaging argument.Work on more general composites and their effective properties, including the effective coupling parameter, is currently underway.
Effective Heat Capacity
The effective heat capacity S * (defined in (2.30)) for the Lockalloy/Epoxy composite is shown in figure 5 . It shows a clear linear dependence on the volume fraction. In figure 6 we illustrate the difference between the true effective heat capacity and the naïve approximation given by ρc v . Note that this is at a maximum where the coupling constant is at a minimum. The magnitude of the difference between the true effective heat capacity and ρc v is highly dependent on the coefficients of thermal expansion of the two phases.
Effective Diffusivity
Next, let us consider the effective thermal diffusivity D * , defined in (2.29). In figure 7 this quantity is plotted against volume fraction. Note that even for high volume fractions of the Lockalloy phase, a low thermal diffusivity is achieved due to the much lower thermal conductivity of the Epoxy phase. 
Effective Propagation Speed
We shall show in the sections to follow that discontinuities propagate through the homogenized medium with the effective propagation speed v * defined in (3.4), which for the composite considered here is plotted in figure 8 . 
Solution Method

Nondimensionalized Summary
The homogenized system is:
which may now be solved in a similar manner to the corresponding system of Boley and Tolins [4] by using the following cosine and sine transform pairs:
which decouples the system into two third order ordinary differential equations. We refer the reader to [4] for details. Here we discuss the resulting homogenized fields for the following two problems.
Problem 1
Boundary conditions are specified for t ≥ 0 by
where 0 ∈ R is a constant and thus for t ≥ 0 we have
Problem 2
where θ 0 ∈ R is a constant and thus for t ≥ 0 we have
Note that for a homogeneous medium (h = 0), these two problems together with the condition that θ 0 = δ * 0 satisfy Boley and Tolins' reciprocal relation. In the inhomogeneous context considered here however, the coupling in the boundary condition of Problem 2 means that this reciprocal relation cannot hold.
As we shall see the boundary conditions above lead to discontinuous homogenized displacement gradient fields. As discussed in the introduction, such homogenized fields are only valid in the homogenization limit when ∆ → 0. Now, provided that
(the common case in most materials) there are one real negative and two complex conjugate roots [4] of the characteristic equation corresponding to the homogeneous (zero right hand side) versions of the resulting ordinary differential equations referred to above. Following Boley and Tolins, we denote these roots as
where α, β and γ are positive and real. Thus, on finding the correct particular solution to the ordinary differential equations we find the following solutions in the transformed domain.
Problem 1
exp(−αt) − exp(−βt) cos γt
Note that this solution is identical to the corresponding problem in [4] except that here the solutions are functions of the effective coupling parameter δ * .
Problem 2
which is considerably different to its homogeneous counterpart in [4] and recovers the form for the homogeneous material as h → 0.
Solution in the Physical Domain and Analysis of the Propagation of Discontinuities
Having obtained the solutions in the transformed domains we now obtain the full solutions in an integral form convenient for numerical evaluation and one that exhibits the form of discontinuities in the solutions, by using the cosine and sine transform inversion integrals. Convenient forms are found by subtracting the behaviour of the solutions as p → ∞ from the integrands. Details of this behaviour and definitions of the functions R j (t) and S j (t), j = 1, 2, 3 are given in the appendix.
Problem 1
We can write the inversion integrals in the form
sin pt p 3 + 1 p 2 sin pz dp
sin pt p 2 sin pz dp
where unity has appeared in (6.1) since we have removed the particular integral −1/p 2 from the displacement and have thus added on the term 2 π ∞ 0 sin pz p dp = 1, for z > 0.
(6.8)
Problem 2
In this case the inversion integrals can be written in the form
sin pt p 3 − h p 2 sin pz dp + F 3 (z, t) + G 3 (z, t) − h, (6.9)
12)
The above analysis allows us to identify the discontinuities in the solutions and their derivatives. We shall denote the jump or discontinuity in a function F (z, t) at z = t by
and we summarize the discontinuities in the solutions of both problems in table 2. Since the propagation front is at z = t then back in dimensional variables we see by referring to (3.1) and (3.2) that the front propagates at speed v * defined in (3.4). The discontinuities in the solutions of problem 1 exhibit similar behaviour to their homogeneous counterparts in [4] except that here they depend on δ * . In figures 9 and 10 we plot the homogenized displacement gradient and temperature fields respectively, both scaled on c 0 . The leading order strain given by (3.13) is of course non-homogenizable [3] since it depends on the microstructure and would possess rapid fluctuations at the interfaces between phases.
The results indicate that the strain boundary condition induces a propagating discontinuity in the displacement gradient and discontinuity in the temperature gradient. The positive dilatation leads to a decrease in absolute temperature in the medium and hence the relative temperature T 0 is negative. Note that the temperature field has smallest fluctuations for the "optimal" composite (by which we mean minimum thermal coupling) where φ = 0.87.
The solutions of problem 2 possess much more complicated behaviour than their homogeneous counterparts in [4] . In particular since h = 0 in composites, the discontinuities jump up an order so that the displacement gradients and temperature derivatives possess discontinuities which disappear when h = 0. We illustrate this behaviour in figures 11-13. The stress fields are shown in figure 14 where it is noted once more that there is a discontinuity in the stress field for the "optimal" composite, whereas there is only a discontinuity in its derivative for the homogeneous Epoxy material (φ = 0). . These values correspond to φ = 0 (Homogeneous Epoxy half-space) and the minimum coupling parameter when φ ≈ 0.87. In the homogenized composite there is a discontinuity in the temperature gradient at z = t but this is difficult to see here. We indicate this in more detail in figure 13 . 
Danilovskaya's Problem
We can convert the strain and temperature boundary conditions considered above into the more physically meaningful traction and temperature boundary conditions. Using (3.11), the corresponding traction boundary conditions for t ≥ 0 are and therefore we have solved these problems above.
Let us now consider the following problems, the second of which is the classical Danilovskaya problem [8] :
Problem I
For t ≥ 0, σ 0 (z = 0, t) = Σ 0 , T 0 (z = 0, t) = 0.
The solution to this problem is clearly identical to that obtained via Problem 1 with c 0 = Σ 0 .
Problem II
For t ≥ 0, σ 0 (z = 0, t) = 0, T 0 (z = 0, t) = Ψ 0 .
In order to solve this problem we state it in terms of Problems 1 and 2 above which have already been solved. Consider the form of boundary conditions (3.19)-(3.20) and note from (3.11) that for σ 0 (z = 0, t) = 0 we require ∂u 0 ∂z (z = 0, t) = T 0 (z = 0, t) (7.3) and thus f (t) = 1 + h c g(t). The following strain-temperature boundary conditions for t ≥ 0 are therefore equivalent to the stress free boundary conditions above:
∂u ∂x (z = 0, ξ = 0, t) = f (t) = (1 + h) c Ψ 0 , (7.5)
T 0 (z = 0, t) = g(t) = Ψ 0 . (7.6) Equivalently ∂u 0 ∂z (z = 0, t) = cf (t) − hg(t) = Ψ 0 , (7.7)
T 0 (z = 0, t) = g(t) = Ψ 0 . (1 + h) c Ψ 0 (7.9) 
Conclusions
In this article we have considered the problem of the homogenization of a thermoelastic composite half-space, derived the important homogenized parameters and solved some transient fully coupled problems. The homogenization was carried out by the popular and successful asymptotic scheme. Perhaps most importantly we obtained the effective coupling parameter δ * and a homogenized coupling condition which states when the thermal coupling must be taken into account. Furthermore we showed that within the periodic cell, say n ≤ ξ ≤ (n + 1) , n ∈ Z, δ * is not bounded below by min{δ(ξ)}, an important result physically, since it means by choosing a composite correctly one can reduce the amount of thermoelastic coupling within the material below that in any of the homogeneous phases. Work is underway to try to establish more formal results regarding the effective coupling parameter and in particular whether lower and upper bounds on δ * may be established. We considered some transient boundary value problems analogous to those of Boley and Tolins' [4] homogeneous case. In particular we showed that the discontinuity of the front at z = t can depend on the inhomogeneity parameter h which tends to zero for homogeneous media.
